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The Mean, Median, and Confidence Intervals of the Kaplan-Meier
Survival Estimate—Computations and Applications

Chris BARKER

This short note points out estimators of the mean, median,
and the associated confidence intervals of the Kaplan-Meier
product limit estimate. Some uses of the estimator of the mean
are described. In addition, differences among popular software
packages in the calculation of both the mean and median and
associated confidence intervals are demonstrated and are due to
default settings in the software. Simple examples of the cal-
culations are provided using S-Plus, R, SAS, Stata, and SPSS.

KEY WORDS: Median Survival; Pharmacoeconomics;
Restricted Mean; Survival Analysis Summary Statistics.

1. BACKGROUND

This article was motivated by the author’s involvement in a
Pharmacoeconomics project to develop a cost-effectiveness
model. Preparation of the economic model required an estimate
of the mean of a survival distribution. At the time, the project
economist provided a mean of a Kaplan-Meier (KM) computed
in SAS, and the author provided a mean computed in S-Plus.
The output and interpretation of the cost effectiveness model
changed dramatically due to differences in the two means. On
investigation it became clear that the algorithm for the calcu-
lation of the mean in SAS differed from S-Plus. The values
differed dramatically, because a single patient had the longest
censored survival. The reason and an example of the difference
in means will be described later. In assembling the calculations
of the mean in several software packages, differences were also
noted in the lower and upper confidence limits for the median.
As will be discussed later, these differences in the CIs are due
to differences in the method for computing the confidence
intervals of the survival distribution.

2. ESTIMATION OF THE MEAN

The median is commonly used to summarize the Kaplan-
Meier Survival Estimate (Kaplan and Meier 1958). The mean
of the KM Survival Estimate is less frequently used as a
summary statistic. In contrast, health economic summaries of
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cost effectiveness may involve survival, and the mean is typi-
cally the preferred summary statistic.
Miller (1981) outlines three ways to compute the mean of the KM:

(1) Redefinition of the last observation, essentially an area
under the curve including the longest observation, if that is
censored. For the calculation, the longest survival time is
treated as an “‘event,”’

(2) Irwin’s restricted mean (Irwin 1949), later described by
Kaplan and Meier (1958) as 6 = fOTk S(t) dt, where Ty is a
time point for computing the mean.

(3) Susarla and Ryzin’s variable upper limit (Susarla and
Ryzin 1980). For this calculation denoting 6 = [ S(1) dt,
where {s,} is a sequence of numbers converging to .

Klein and Moeschberger (1997) cite two additional methods
that could be applied for estimating the mean:

(1) Efron’s suggestion to estimate S(#) by O beyond the
largest study time f.,,x and

(2) Gill’s suggestion to estimate S(f) by S(fax) for £ > fiax,
which corresponds to assuming that individual would die at o°.

The calculation of the Kaplan-Meier mean in SAS Proc
Lifetest (SAS Institute Inc. 2002-2004), which computes the
area under the curve up to the last failure time, does not appear
to have been described in the literature. Proc Lifetest reports in
the output that the mean is an underestimate when the longest
survival time is censored. SAS V9 also provides an option to
restrict the calculation of the mean to a specific time. Stata
provides an option to compute the mean using an extrapolation
of the survival distribution described in Brown, Hollander, and
Korwar (1974).

3. EXAMPLE

Kaplan-Meier estimates and summary statistics were pre-
pared using the following fictitious survival time data, with the
longest observation censored, where + denotes censoring, (10,
15, 23, 30, 35, 52, 1004). The mean and median and its con-
fidence intervals are displayed in Table 1. The variance of the
mean is based on the Greenwood (1926) estimator of the var-
iance of the survival distribution.

4. CONFIDENCE INTERVAL FOR THE MEDIAN

The upper and lower limit of the confidence intervals for the
median in Table 1 differ among the packages considered here.
The main reason is because different methods are used for
determining the confidence interval for the survival function.

Klein and Moeschberger (1997) outline several methods for
calculating the confidence interval for the survival function:
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Table 1.
Procedure Confidence Interval Method Median (95% CI) Mean (SE)
S-Plus 7 Survfit(Surv()) Log 30 (15, NA) 37.9 (10.7)
R (2.8.0) Survfit(Surv()) Log 30 (15, inf) 37.9 (10.7)
SAS (Version 9.2) Lifetest Linear 30 (15, 52) 31 (6.4)
Log 30 (15, <missing>) 31 (6.4)
Log-log 30 (10, 52) 31 (6.4)
SAS (Version 9.1) Lifetest Linear 30 (15, 52) 31 (6.4)
Lo 30 (15, 52) 31 (6.4)
LOE} 30 (10, 52) 31 (6.4)
SPSS (Version 16) Survival module 30 (12.0, 47.9) 37.9 (10.7)
Stata (Version 10) Survival module Log-log 30 (10, 52) 37.9 (10.7)
Extended mean 45.2

NOTE: Stata offers a method to impute the tail of the distribution and compute an “Extended” mean.

(1) Linear,
(2) Log-transformed,
(3) Arcsine-square root.

Figure 1 presents the estimated survival curve for the fictitious
data, computed in SAS V9 using three different methods for
estimating the confidence intervals. Figure 2 presents the survival
curve and the default estimate from S-Plus. It may be noted that
the confidence limits in S-Plus extend to the longest survival time.
The default SAS Proc Lifetest output delivery system (ODS)
output does not extend beyond the last failure time.

S-Plus and R compute the confidence interval for the median
using the method of Brookmeyer and Crowley (1982) based on
inverting a sign test (Therneau, T., personal communication,
September 23, 2008). The estimates of the lower and upper
limit may be obtained by drawing a horizontal line at 0.5 on the
vertical axis, and drawing a perpendicular line to the x-axis at
the points where the horizontal line intersects the confidence
intervals. “NA” or “inf” is reported where the horizontal line
does not intersect a confidence interval.
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Figure 1. Kaplan-Meier Survival Estimate with three estimates from

SAS Version 9.2 of the 95% confidence intervals.

The confidence intervals in SAS Proc Lifetest for the median
(quartiles) are given by: Ioso = (¢: (1 — S(r) —0.50)* =
ca02(S(1))) where c, is the upper « percentile of a central chi-
squared with 1 degree of freedom (SAS Institute Inc. 2008). SAS
Version 9.2, uses a generalization of the Brookmeyer and
Crowley (1982) sign test based on the type of the confidence
interval (SAS Technical Support, personal communication,
September 2008, and SAS online help 2002-2005). This differs
from SAS Version 9.1 where the confidence intervals for the
median, and other quartiles, are based only on the linear function.

SPSS (2008) estimates the standard error of the median as

se(P;) = Py /Z}Zl(qj /rip;) where the proportion terminating

is gi = d;/n;. The confidence interval is based on a normal
approximation, 1.96*SE.

5. APPLICATIONS OF THE RESTRICTED MEAN
OF THE KAPLAN MEIER ESTIMATOR

In Health Economics, there is an important implementation
of the restricted mean, in a “QTWIST” analysis. The meth-
odology of Glasziou uses a “partitioned survival analysis”
(Glasziou, Simes, and Gelber 1990). The method applies the
restricted mean (RM) for the estimation of “time” spent in a
particular state of health.
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Figure 2. Survival Estimate with confidence limits from S-Plus 7.0
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Glasziou et al.’s model assumes progressive health states,
where each change of health state is a separate endpoint.
Denoting each state by —i-, in the following equation, then the
restricted mean time in each state is computed by Equation (1),
with the common restriction time, say L. Denoting the RM for
this health state model as u (L), then the estimate of duration of
each state is u; (L) — p(L), and wo(L) = 0.

Zhao and Tsiatis (1997) develop a related estimator for Quality
Adjusted Lifetime, using a Martingale formulation. Karrison
(1987) and Zucker (1998) have developed regression methods for
the restricted mean that permit adjustment for covariates. Soft-
ware for regression models for the restricted mean, or QTWIST
are not currently available in the packages reviewed in this article.

6. CONCLUSIONS

Care must be taken to review the default settings in Kaplan
Meier survival analysis software for computing the mean, the
median, and the associated confidence intervals. The statis-
tician should select the particular method of estimation of the
mean for the Kaplan Meier estimate of survival, including
prespecification of the time-point of restriction of the mean.
The confidence limits for the median depend on the choice of
the confidence intervals for the survival curve and this also
should be prespecified for the statistical analysis.
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